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Lecture 1: A recipe for NR

1. Physical problem
2. Formulation
3. PDE analysis
4. Numerical methods
5. Implementation
6. Evaluate errors
7. Physical interpretation
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Lecture 2: 3+1 formalism

1. 3+1 spacetime foliation
2. ADM system
3. BSSN formalism
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Today

1. Generalized Harmonic Gauge (GHG) formulation
2. Characteristic formulations
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GHG formulation

Used in the first successful simulation of full BBH merger (Pretorius 2005):
PRL 95, 121101 & CQG 22 425-452

Mathematical relativity:
Choquet-Bruhat 1962, The Cauchy problem

Numerics:
Szilágyi, Schmidt, Winicour 2002, PRD 65, 064015
Garfinkle 2002, PRD 65, 044029
Lindblom et al 2006, CQG 23 S447
BAMPS, SpEC & SpECTRE codes
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The generalized harmonic evolution system

The vacuum EFE:

Rab = −1
2gcd∂c∂dgab + ∇(aΓb) + Qab(g , ∂g) = 0 ,

Γa = gadgbcΓd
bc = 1

2gbc (∂bgac + ∂cgab − ∂agbc) .

Generalized harmonic coordinate condition:

−Γa(g , ∂g) = gab∇c∇cxb = Ha(x , g) .

The vacuum EFE in the generalized harmonic formulation:

−1
2gcd∂c∂dgab − ∇(aHb) + Qab(g , ∂g) = 0 ,

is manifestly symmetric hyperbolic.
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Choosing GH coordinates

Specifying the GH coordinates means choosing Ha(x , g):

Standard harmonic choice: Ha = 0
Generalized harmonic (algebraic): Ha = fa(x , g)
e.g. Lindblom et al 2006
Promote Ha to independent variables (evolution eqs.): LaHa = 0
e.g. Pretorius 2005

How to choose the coordinates? The GH coordinate condition in 3+1
language:

∂tα− βk∂kα = −α
(
Ht − βiHi + αK

)
,

∂tβ
i − βk∂kβ

i = αγij
[
α
(
Hj + γkl Γjkl

)
− ∂jα

]
.
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Constraints and reductions

0 = Rab −∇(aCb) = −1
2gcd∂c∂dgab −∇(aHb) + Qab(g , ∂g)

The GH coordinate constraint: Ca ≡ Ha + Γa = 0

For ID that satisfy Ca = ∂tCa = 0 or Ca = Ma = 0,
where Ma = {H,Mi}, the solution satisfies the GH constraint.
- Lindblom et al. 2006
Constraint violation: 0 = Rab −∇(aCb) + constraint damping terms
- Pretorius used a suggestion by Gundlach et al. 2005

The reduction choice affects the numerical implementation:

Garfinkle 2002: 1st order in time, 2nd in space
Pretorius 2005: 2nd order in time & space
Lindblom et al. 2006: 1st order in time & space
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Foucart, Laguna, Lovelace, Radice, Witek: Snowmass2021 Cosmic Frontier White Paper: Numerical relativity for
next-generation gravitational-wave probes of fundamental physics 8 / 14



Characteristic formulations
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First stable numerical
evolutions of a single BH
BBHGC Alliance 1998

CCE & CCM for highly
accurate GW modeling
SXS collaboration

Gravitational collapse
Garfinkle 1994, Crespo et al. 2019,

Gundlach et al. 2022

Holography & strongly coupled
matter
see e.g Chesler & Yaffe: arXiv:1309.1439,

Winicour’s 2012 Living Review 9 / 14



Bondi-like coordinates

N0

T

I+

∂r

∂u

∂θ

coordinates: u, r , θ, φ
∂r is null & ⊥ to ∂θ and ∂φ

gµν =


0 gur 0 0

gur g rr g rθ g rφ

0 g rθ gθθ gθφ

0 g rφ gθφ gφφ


Vacuum EFE:

Evolution system: Rrr = Rrθ = Rrφ = Rθθ = Rθφ = Rφφ = 0

Constraints on T : Ruu = Ruθ = Ruφ = 0 & trivial eq. Rur = 0

Determinant condition: gθθgφφ − g2
θφ = R̂4 sin2 θ

Bondi-Sachs: R̂ = r , double null: g rr = 0, affine null: g rr = ±1

Bondi, van der Burg, Sachs 1962, Cao, He 2013 10 / 14



A characteristic PDE system

At∂tu + Ap∂pu + S = 0 ,
with state vector u = (u1, . . . , uq)T , coord. xµ = (t, xp) and “time” t

rank (At) = m < q and det (At) = 0
m − q (intrinsic) equations with no ∂t and m with ∂t

Remember: for hyperbolicity we need the principal symbol
Ps = (At)−1Ap sp

Use an auxiliary Cauchy-type system to study the hyperbolicity of a
characteristic one
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Example: Bondi-Sachs in axisymmetry

ds2 =
(V

r e2β − U2r2e2γ
)

du2 + 2e2βdu dr

+ 2Ur2e2γ du dθ − r2
(
e2γ dθ2 + e−2γ sin2 θ dφ2

)

N0

T

I+

∂r

∂u

∂θ

The Bondi-Sachs free evolution system:

∂rβ = F1(∂rγ) ,
∂2r U = F2(γ, β, ∂iγ, ∂iβ, ∂

2
ijγ, ∂

2
ijβ) ,

∂r V = F3(γ, β, ∂iγ, ∂iβ, ∂iU, ∂2ijγ, ∂2ijβ, ∂2ijU) ,
∂2urγ = F4(γ, β,U,V , ∂iγ, ∂iβ, ∂iU, ∂iV , ∂2ijγ, ∂2ijβ, ∂2ijU)

Initial data: γ on N0, boundary data: β, U, V on T
Nested structure of intrinsic equations
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Well-posedness of the Bondi-like CI(B)VP

Existence and uniqueness of solutions: Frittelli & Lehner 1999, Gomez
& Frittelli 2003
Continuous dependence of the solution on the given data considering
a subsystem: Frittelli 2005
Weak hyperbolicity of the axisymmetric Bondi-Sachs system: TG,
Hilditch, Zilhão 2020
Weak hyperbolicity of GR in Bondi-like coordinates: TG, Bishop,
Hilditch, Pollney, Zilhão 2021
- guθ = guφ = 0 −→ Pθ ,Pφ are non-diagonalizable

The Bondi-like CI(B)VP is ill-posed in the L2 norm.
Open question: Are there alternative norms?
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Today

Spacelike formulations (GHG)
Characteristic formulations

Next

Lecture 4 (20 January, 2023)
Numerical methods (method of lines, finite differences)
Toy models: implementation and convergence

Thank you!
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