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Claim: GR characteristic formulations with up to 2nd order metric
derivatives in Bondi-like coordinates are weakly hyperbolic.

the characteristic problem in GR, hyperbolicity & well-posedness

weak hyperbolicity of GR in Bondi-like coordinates,
gauge structure, pure gauge subsystem

well-posedness of Cauchy-characteristic extraction and matching
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Highly accurate gravitational waveform modeling

routrext

T
I+

ch
ar
ac
te
ri
st
ic

Cauchy

i+

i0

Cauchy-Characteristic Extraction (CCE) and Matching (CCM)
see e.g. Winicour’s 2012 Living Review and references therein 2 / 19



Hyperbolicity

At(xµ) ∂tu + Ap(xµ) ∂pu + S(u, xµ) = 0 , (1)

where u = (u1, u2, . . . , uq)T is the state vector of the system and Aµ

denotes the principal part matrices, with det(At) ̸= 0 . Construct the
principal symbol

Ps =
(
At)−1 Ap sp ,

where s i is an arbitrary unit spatial vector.

Degree of hyperbolicity:

Ps has real eigenvalues for all s i → (1) is weakly hyperbolic (WH)
Ps is also diagonalizable for all s i → (1) is strongly hyperbolic (SH)
all Aµ are symmetric → (1) is symmetric hyperbolic (SYMH)

Gustafsson, Kreiss & Oliger “Time Dependent Problems and Difference Methods”
Kreiss & Lorenz “Initial-Boundary Value Problems and the Navier-Stokes Equations” 3 / 19



Well-posedness

The PDE problem has a unique solution u that depends continuously on
the given data f in a suitable norm || · ||:

||u|| ≤ Keαt ||f ||, for real constants K > 1, α, and t.

Strongly hyperbolic → well-posed IVP in the L2 norm

Weakly hyperbolic → ill-posed IVP in the L2 norm
possibly weakly well-posed in a different norm

A numerical solution can converge to the continuum only for well-posed
PDE problems.
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Bondi-like coordinates
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coordinates: u, r , θ, ϕ
vector basis: ∂u , ∂r , ∂θ , ∂ϕ

∂r is null & ⊥ to ∂θ and ∂ϕ

gµν =


guu gur guθ guϕ

gur 0 0 0
guθ 0 gθθ gθϕ

guϕ 0 gθϕ gϕϕ



Vacuum Einstein’s equations:

Evolution system: Rrr = Rrθ = Rrϕ = Rθθ = Rθϕ = Rϕϕ = 0
Constraints on T : Ruu = Ruθ = Ruϕ = 0 & trivial eq.: Rur = 0

Bondi, van der Burg & Sachs 1962; Winicour 2013; Cao & He 2013 5 / 19



Hyperbolicity of GR in the Bondi-Sachs gauge

ds2 =
(V

r e2β − U2r2e2γ
)

du2 + 2e2βdu dr

+ 2Ur2e2γ du dθ − r2
(
e2γ dθ2 + e−2γ sin2 θ dϕ2

)
.
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The PDE system:

∂rβ = F1(∂rγ) ,
∂2

r U = F2(γ, β, ∂iγ, ∂iβ, ∂
2
ijγ, ∂

2
ijβ) ,

∂r V = F3(γ, β, ∂iγ, ∂iβ, ∂iU, ∂2
ijγ, ∂

2
ijβ, ∂

2
ijU) ,

∂2
urγ = F4(γ, β,U,V , ∂iγ, ∂iβ, ∂iU, ∂iV , ∂2

ijγ, ∂
2
ijβ, ∂

2
ijU)

Linearize and first order reduction u = (β , γ ,U ,V , γr ,Ur , βθ , γθ)T :

Au∂uu + Ar∂r u + Aθ∂θu + S = 0.
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auxiliary problem

At∂tu + Aρ∂ρu + Aθ∂θu + S = 0, where At = Au + Ar and Aρ = Ar .

Pθ = 1
ρ (At)−1 Aθ is not diagonalizable.

The Bondi-Sachs system is weakly hyperbolic.

Rendall 1990; Frittelli 2005 & 2006; TG, Hilditch & Zilhão 2020 7 / 19

det(Au) = 0 ,
u = t − ρ ,

r = ρ ,
det(At) ̸= 0 .



Gauge structure of GR

The ADM equations linearized about Minkowski:

∂tδγij = −2δKij + ∂(iδβj) ,

∂tδKij = −∂i∂jδα− 1
2∂

k∂kδγij − 1
2∂i∂jδγ + ∂k∂(iδγj)k .

First order reduction u = (δγij , δα, δβi , δKij , ∂pδγij , ∂pδα, ∂pδβi)T :

∂tu ≃ Ps∂su , with Ps =

 PG PGC 0
0 PC 0
0 0 PP

 .

Hilditch & Richter 2016 8 / 19



Pure gauge subsystem

Assume an arbitrary solution gµν of Rµν = 0.

Infinitesimal coordinate transformation: xµ → xµ + ξµ

Perturbation to the solution: δgµν = −Lξgµν

3 + 1 split: Θ ≡ nµξ
µ, ψi ≡ −γ i

µξ
µ

Pure gauge subsystem for flat background:
∂tΘ = δα ,

∂tψi = δβi + ∂iΘ .

Given α, βi , the pure gauge subsystem is closed.

Khokhlov & Novikov 2001 9 / 19



Pure gauge subsystem inheritance

Linearized ADM system:

∂tu ≃ Ps∂su , Ps =

 PG PGC PGC
0 PC 0
0 0 PP

 .

Assume an algebraic choice for α, βi . Pure gauge subsystem:

∂tvgauge ≃ Ps
gauge∂svgauge , vgauge = (Θ, ψi)T .

The inheritance: PG = Ps
gauge

The result holds also for generic backgrounds & differential gauge choices.

Hilditch & Richter 2016 10 / 19



Gauge structure of Bondi-like coordinates
Mapping between Bondi-like and ADM equations

→ Non-diagonalizable PG along the θ, ϕ directions

guθ = guϕ = 0

GR characteristic formulations with up to 2nd order metric
derivatives in Bondi-like coordinates are weakly hyperbolic.

→ Ill-posed CIBVP in the L2 norm

TG, Bishop, Hilditch, Pollney & Zilhão 2022 11 / 19
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Open questions

GR formulations with up to 3rd order metric derivatives
(Newman-Penrose), can provide SYMH PDE system in Bondi-like gauges1.

This CIBVP is well-posed in the L2 norm.

Is there a relation between the 3rd and 2nd order systems?
Is the CIBVP of the 2nd order setup well-posed in any norm?

How does the WH of 2nd order setups affects the accuracy of CCE
and CCM?

Explore CCE and CCM with toy models2.

1 Rácz 2013; Cabet, Chruściel & Wafo 2014; Hilditch, Kroon & Peng 2019; Ripley 2020
2 TG, Bishop, Hilditch, Pollney & Zilhão 2023 12 / 19



The toy models
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∂tϕ1 = −∂ρϕ1 + ∂zψv1 + ψ1

∂tψv1 = −∂ρψv1 + ∂zϕ1

∂tψ1 = ∂ρψ1 + ∂zψ1

∂xϕ2 = ∂zψv2

∂xψv2 = ∂zϕ2

∂uψ2 = 1
2∂xψ2 + ∂zψ2 + ψv2

SYMH when ∂zψv is included, only WH otherwise
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Energy estimates: SYMH
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Energy estimates: WH
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CCE well-posedness is examined individually for the IBVP and CIBVP.
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Energy estimates: CCM
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Robust stability tests
Test passed: Cexact ≃ 2
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CCM between the SYMH IBVP and the WH CIBVP in different norms

17 / 19



Robust stability tests
Test passed: Cexact ≃ 2

0 5 10 15 20

time

0

1

2

3

ex
ac

t

log2(||uh0||H1 / ||uh1||H1)
log2(||uh1||H1 / ||uh2||H1)
log2(||uh2||H1 / ||uh3||H1)
log2(||uh3||H1 / ||uh4||H1)

0 5 10 15 20
time

10 2

100

102

104

106

108

1010

||uh0||H1

||uh1||H1

||uh2||H1

||uh3||H1

||uh4||H1

0 5 10 15 20

time

0

1

2

3

log2(||uh0||q / ||uh1||q)
log2(||uh1||q / ||uh2||q)
log2(||uh2||q / ||uh3||q)
log2(||uh3||q / ||uh4||q)

0 5 10 15 20
time

10 2

100

102

104

106

108

1010

||uh0||q
||uh1||q
||uh2||q
||uh3||q
||uh4||q

0 5 10 15 20

time

0

1

2

3

log2(||u2h0||q / ||u2h1||q)
log2(||u2h1||q / ||u2h2||q)
log2(||u2h2||q / ||u2h3||q)
log2(||u2h3||q / ||u2h4||q)

0 5 10 15 20
time

10 2

100

102

104

106

108

1010

||u2h0||q
||u2h1||q
||u2h2||q
||u2h3||q
||u2h4||q

CCM between the SYMH-SYMH (left), WH-WH (middle) and the WH CIBVP
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Conclusions

2nd order Bondi-like systems are weakly hyperbolic:
-Ill-posed CIBVP in the L2 norm
-Weakly well-posed CIBVP in a different norm?

If the CIBVP is weakly well-posed, CCE can also be well-posed

CCM as currently performed (SYMH-WH) is ill-posed

Problem with error estimates for accurate waveforms with CCM

A strongly or symmetric hyperbolic characteristic formulation is
needed (with up to 2nd order metric derivatives)

Thank you!
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	Toy models and numerical experiments

